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Abstract. An increasingly popular approach when solving the phase and chemical equilibrium
problem is to pose it as an optimization problem. However, difficulties are encountered due to the
highly nonlinear nature of the models used to represent the behavior of the fluids, and because of
the existence of multiple local solutions. This work shows how it is possible to guarantee e-global
solutions for a certain important class of the phase and chemical equilibrium problem, namely when
the liquid phase can be modeled using neither the Non-Random Two-Liquid (NRTL) equation, or
the UNIversal QUAsi Chemical (UNIQUAC) equation. Ideal vapor phases are easily incorporated
into the global optimization framework. A numberof interesting properties are described which
drastically alter the structure of the respective problems. For the NRTL equation, it is shown that the
formulation can be converted into a biconvex optimization problem. The GOP algorithm of Floudas
and Visweswaran [8, 9] can then be used to obtain ¢-global solutions in this case. For the UNIQUAC
equation, the new properties show how the objective function can be transformed into the difference
of two convex functions (i.e. a D.C. programming problem is obtained), where the concave portion
is separable. A branch and bound algorithm based on that of Falk and Soland [6] is used to guarantee
convergence to an e-global solution. Examples are presented which demonstrate the performance of
both algorithms.

Key words: Global optimization, phase equilibrium, biconvex and DC programming problems.

1. Introduction

A crucial step in the design of any separation process is the ability to predict the
behavior of the fluids, when there may be several fluid phases and components
that may or may not be reacting. For many separations processes, the assumption
that the fluids are in equilibrium is made. The goal is to effectively model these
processes over a potentially wide range of operating conditions. Such models can
yield complex and nonlinear expressions with resultant difficulties in obtaining the
solutions that actually describe the process.

For the phase and chemical equilibrium problem there have been essentially
two basic approaches. The first of these is equation based, and is not considered
in this work. A useful reference in this area is the book of Smith and Missen [21].
An increasingly popular approach is to explicitly minimize the thermodynamic
function that describes the equilibrium condition. In the context of this work, this
function will be the Gibbs free energy, and a global minimum implies that the
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system at hand is at equilibrium. Seider ez al. [20] provide a review of the methods
used to solve this optimization problem. Ohanomah and Thompson [14, 15, 16]
give a comparative study of the available methods. These methods have typically
been second-order Newton type methods with resultant dependency on starting
point in terms of quality of the final solution. Other approaches have been used.
Sun and Seider [22] use a Newton-homotopy continuation algorithm to obtain the
stationary points of the Gibbs free energy surface. Paules and Floudas [17] employ
the Global Optimal Search algorithm of Floudas et al. [7] to find the equilibrium
solution. Eubank et al. [5] provide an interesting alternative approach based on
integrating the area under the Gibbs free energy curve.

It is observed that all these algorithms share one drawback: there is no theoretical
guarantee of convergence to the true equilibrium solution — or even to a proper
local solution in some cases. This represents a serious disadvantage in attempting to
describe phase equilibrium with or without chemical reaction. Due to the complex
nature of the models used to describe the equilibrium situation, there may be several
local solutions to the problem at hand. Thus, the certainty of convergence to the
global solution for conventional methods will be highly dependent on starting
point.

In this paper, the phase and chemical equilibrium problem is examined for the
case where the liquid phase can be modeled by the NRTL and UNIQUAC equations,
and the vapor phase is assumed to behave ideally. Both of these equations have
the ability to predict liquid-liquid immiscibility and can describe multicomponent
mixtures with binary parameters only. The NRTL and UNIQUAC equations are
algebraically complex and lead to highly nonconvex expressions for the Gibbs free
energy function that usually lead to multiple local solutions.

In the following section, the requisite thermodynamic background for the phase
and chemical equilibrium problem is provided, describing the assumptions that
are made in this work. Then, a simplifying property for the NRTL equation is
presented. It will be shown how the formulation for the NRTL equation can be
transformed from its original nonconvex form into an optimization problem where
a biconvex objective function is minimized subject to a bilinear set of constraints.
This induced special structure allows the Global OPtimization (GOP) algorithm
of Floudas and Visweswaran [8, 9] to be used to obtain global solutions to this
problem. Next, the structure of the UNIQUAC equation is examined in detail. Two
important properties are introduced which simplify the Gibbs energy expression,
but still leave it in a nonconvex form. Additionally, some manipulation of terms
reveals how this nonconvex expression can be transformed into the difference of
two convex functions, where the concave portion of the objective function can
be either nonseparable or separable. These changes occur purely in the objective
function, so that it is not necessary to introduce new transformation variables
as is the case for the NRTL equation. Having induced this special structure in
the problem, an algorithm based on the branch and bound algorithm of Falk and
Soland [6] is used to obtain the global solution of this problem. In summary, the
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main contribution of this work is to show that for ideal vapor phases and liquid
phases whose behavior may be predicted by the NRTL or the UNIQUAC equation,
attainment of an e-global solution can be guaranteed from any starting point.

2. Problem Formulation

In this section, a general outline of the phase and chemical equilibrium problem will
be given. The focus is on systems that attain equilibrium states under conditions
of constant temperature and pressure, where the global minimum value of the
Gibbs free energy describes the true equilibrium state. The set of components
is represented by the index set C = {i} and the elements that constitute these
components are given by E = {e}. The set of phases is denoted by P = {k}
where it is composed of vapor and liquid phases, labeled Py and Pj, respectively,
so that P = Py, U Py. The problem may then be stated as follows:

Given i components participating in up to k potential phases under isothermal
and isobaric conditions find the mol vector n that minimizes the value of
the Gibbs free energy while also satisfying the appropriate material balance
constraints.

For a multicomponent, multiphase system, the criterion of equilibrium dictates that
the Gibbs free energy function, G(n), attains its minimum:

ck
min G(m) = > Y nf {AGH + RTIn %} (1)
i€C keP 5

where n¥ is the number of moles of species ¢ present in phase k, f;’“ and fik’o are
the fugacity coefficients for the mixture and the pure component at the standard
state respectively. The standard state is the fugacity of the component in its pure
state at the temperature and pressure of the system. AG’;c o represents the Gibbs
free energy of formation of component ¢ in phase state k at the system temperature.

Difficulties in the use of Equation (1) arise due to the complicated expressions
available for the expressions for fugacity. The liquid phase is modeled through the
use of activity coefficients where the fugacity ratio is expressed as:

o
o ~ Vi T )
fi
where z} denotes the mole fraction of species ¢ in the liquid phase, and v/ is the
corresponding activity coefficient at the system temperature and pressure.

The fugacity of the ideal vapor phase can be expressed as follows:

i

=P v/ 3)
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where y! represents the vapor phase mol fraction at a total system pressure P. The
standard state for the vapor phase is taken as an ideal gas at unit fugacity at the
system temperature where this quantity is usually equal to 1 atm.

2.1. Material Balances

The objective function as described by Equation (1) must yield a solution that
will satisfy the conservation of mass requirements. These can take either of two
forms depending on whether reaction occurs in the system and introduce a set of
linear equality constraints into the formulation.

(a) Elemental Constraints: For simultaneous phase and chemical equilibrium where
reaction does occur, conservation of the constituent atoms must be satisfied:

Y. 3 aenf=b. VecE 4

1€C keP

where a.; represents the number of gram-atoms of element e in component ¢, and
be the total number of gram-atoms of element e in the system.

(b) Mass Balance Constraints: These constraints are required for those systems
where no chemical reaction takes place, and thus conservation over the compo-
nents need only hold:

an:n; VieC )
keP

where n] is the total number of moles of component ¢ in the initial charge.
For notational clarity, the material balance constraints for any system, reacting
or non-reacting, will be written in the following general form:

A-n-b=0 (6)

where n represents the column vector of the component mol numbers, A is the
appropriate elemental or compound abundance matrix, and b is the column vector
of the total amounts of elements or compounds in the system.

Feasibility Constraints: Obviously a physically realizable solution requires that
0<nf<nT VieC, keP )

where n is the total number of mols in the system.

The complete formulation of the phase and chemical equilibrium for ideal
vapor phases and liquid phases whose fugacities can be adequately modeled by the
NRTL or UNIQUAC equation, is given by minimizing the expression of Equation
(1) subject to the material balance constraints supplied by Equation (6) and the
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feasibility constraints of Equation (7). The variables of the formulation are the
mol numbers n¥, noting that the mol fractions can be defined in terms of the

mol numbers as zf = nk/ z nJ for all components and phases. There are two

j
important observations in regard to the optimization formulation:

(i) The constraint set is of small size and linear.

(ii) The only nonlinearity appears in the objective function as n; In f, /F0.

If the system is ideal then any local solution will be the global one. However, the
main difficulty is that due to the complex nature of the models used to predict
fugacities, highly nonconvex functionalities result. This may lead to local or trivial
solutions that are not true equilibrium solutions, and may lie far away from the
correct optimal solution. The obtained solution will also be highly dependent on
the chosen starting point.

3. Analysis for the NRTL Equation

In this section, the Gibbs free energy expression is analyzed for the case of an
ideal vapor phase and liquid phases modeled using the NRTL activity coefficient
expression. Renon and Prausnitz [19] derived the following equation for the liquid-
phase activity coefficient:

z 73iGiT; z 7;G1;T)

Inny; = jeC i Z Gij i — ¢ VieC (8)
z Giiz;  ieC Z Gijz z Gijz;
j€EC leC leC

where ; is the activity coefficient at mol fraction z;, 7;; and G;; are non-symmetric
binary interaction parameters. 7;; can be negative but G;; is always positive. One
important feature of the NRTL equation is its capability of representing liquid-
liquid immiscibility for multi-component systems with only binary parameters.
Equation (8) yields exactly the same expression for mol numbers as for mol
fractions. Substitution of Equation (8) into Equation (2) yields the correct liquid
phase fugacity term, after rewriting the mol fractions in terms of mol numbers.
Equation (3) is assumed to define the vapor phase fugacity. Again, the mol fractions
are written in terms of the vapor mol number variables. Substitution of the resultant
vapor and liquid phase fugacity equations into Equation (1) gives the Gibbs free
energy function as follows:

AGk f
min G(n) = n¥

jeC
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Gk k
E T]zg]znj Gk E T1;G1;1)
k ) i€C i1y . leC
+ZE”1‘ Eg“nlg +E Egk Tij Egk
i€C keP; 7ilty jecC ny 1Ny
jeC leC leC

®

where G(n) = G(n)/RT (i.e. dimensionless G). Note that the pressure term asso-
ciated with the fugacity of the vapor phase has been incorporated into the Gibbs
energy of formation term, that is, AGZV’f = AGY ¥ + RTIn P. This is done in
order to collect the linear terms of the objective function.

3.1. Analysis of G(n)

As given by Equation (9), G’(n) is a complex and nonconvex expression. However,
the situation is ameliorated by the following property:

PROPERTY 3.1. For each phase k € P, the following relation is true:
k
Z Tjigjinj ok Z legljn;c
Z nk jec _ E nk glJnj leC -0
i k i k k {
i€C > Giing i€C jee Do Gunt ) Gy

jec leC leC

(10)
Proof. See Appendix A. a
This property reduces the complexity of Equation (9) greatly, and it brings the

crucial advantage of having bilinear, rather than trilinear, fractional functions in
the expression for the objective function.

PROPERTY 3.2. Let p; be positive parameters defined ¥i. Define the real-valued
function f;(n) with n > 0 as follows:

fi(n) =n;In N
Y ping
j
then fi(n) is convex.
Proof. See Appendix B. a
REMARK. Based on Property 3.2, if C 1’2, is defined as follows:
Gk k

ck = n¥ i 4 ln et
AP PR N S

VkeP

jec



THE PHASE EQUILIBRIUM PROBLEM 211

then the quantity Z Ck, is convex, since it is a summation of individually linear

k
and convex terms.

This means that the objective function can now be written as a combination of a
convex portion, and a nonconvex portion:

A g"‘l’*-nl-c
minG(n):ZCfi,+Z an Z—-”—”—J—k . (11)
keP i€C kePy it D Giini
lec

The nonconvexities of Equation (11) now lie solely in the term to the right of the
plus sign. The following NonConvex Formulation (NCF) is a new formulation:

min G(n)
st. A-n—b=0} (NCF)
0<n<nl

where G (n) is defined by Equation (11) and is a much simpler form for the Gibbs
free energy function than that customarily given by Equation (9).

3.2. Transformations and Partitioning

The general form of the optimization problem of interest is given as follows:

min f(z,y) )
s.t. h(z,y) =0
glz,y) <0 ¢ (12)
z € X
y €Y

where X and Y are convex sets, f(z, y) is the objective function to be minimized,
and h(z,y) and g(z, y) represent the vectors of equality and inequality constraints
respectively. These functions are assumed to be continuous and piecewise differen-
tiable on X x Y. The GOP algorithm of Floudas and Visweswaran [8, 9] can be used
to determine an e-global solution for problems that satisfy the following conditions:

Conditions (A):

o f(z,y) and g(z,y) are convex in z for all fixed y and convex in y for all fixed
z,

o h(z,y) is affine in z for all fixed y, and affine in y for all fixed z,
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e X andY C V are nonempty, compact convex sets and a constraint qualification
is satisfied, where V' = {y : h(z,y) =0, g(z,y) <0, forsome z € X}.

It will now be shown how new variables are introduced so as to change the
nature of the nonconvexities in the objective function defined by Equation (11).
This is known as the transformation phase. Having augmented the variable set in
this way, it is then partitioned into two variable subsets, so that Conditions (A) of
the GOP are satisfied. If the following new variables are introduced:

k
Wf:fng’—z VieC, ke Py (13)
7T
jec

then the transformed objective function becomes:

min G(n) = Z CII% + Z Z néc {Z gijn,-\If;-“} . (14)
kepP 1€C kEPy JjeC

This objective function is now subject to the transformation constraints of Equation
(13) (which are rewritten by bringing the denominator over to the left hand side so
that they will be of bilinear form, rather than fractional), in addition to the material
balance constraints as defined by Equation (6). The objective is to partition the
variable set into two subsets so that if either of these subsets is held constant, an
optimization problem with simpler structure remains. An examination of Equation
(14) leads to the conclusion that the obvious partition of variables is that in which
the y variable set contains the mol vector, with the x variable set containing the
new variables:

y{nf} =z {T}. (15)
Notice that if the mol number variable set is held constant, a linear objective func-
tion results. On the other hand, if the transformed variable set is held constant,
a convex objective function is obtained. The equality constraints are of bilinear
form and so will yield linear terms if either of the subsets is held constant. Thus,
Conditions (A) of the GOP are satisfied. The form of the nonconvexities of the
objective function have been changed, resulting in the introduction of additional
bilinear equality constraints into the system.

3.3. The Primal Problem

The primal problem is defined as the subproblem that results when the y vari-
able set is held fixed so that y = §. In what follows, overbars on variables represent
their values obtained from any given primal problem, which is defined as follows:

min Z leir + Z Z ﬁic {Z gijTij\I/;-c}

kEP i€C kEPL jec
, ®)
st. B {3 gunkl=nf viecC, kepy
jec
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{ﬁic } represents the current value of the mol numbers (the y variable set). The
primal problem (P) is always feasible provided that the mol vector satisfies the
material balance constraints which are functions of the y variables alone. Hence
they can be carried directly to the relaxed dual subproblems. This is the reason
the material balance constraints are not included in (P). Notice that (P) is merely a
function evaluation as the z variable set is completely specified by {Af}.

It will be necessary to use the Karush—-Kuhn-Tucker (KKT) conditions for the
primal problem in proceeding sections. The Lagrangian as constructed from the
primal problem is given as:

tg N =3+ T At {S Gy vt

keP 1€C kePp jec

+3° Y A { Y gunf —af} (16)

1€C kEPL Jjec

where Ay is the multiplier associated with the corresponding constraint that defines
the z variable ¥¥. The evaluation of the KKT conditions for the primal yields:

Vs L(z = Gty +Age + ) Giiif =0 VieC, k€ Pp.
Jjec jec
(17)

The Lagrange multipliers from the primal are then explicitly calculated as:

Y Giimjink
3 jeC ,
App == Vi€C, keP. (18)
: > Gjins
Jj€C
Thus, the multipliers from any primal problem are nonempty and bounded for all
y € Y, arequired condition to guarantee e-global convergence. In the special case
that Y G;in¥ = 0, it is clear that nf = 0 Vi € C, that s, the phase disappears.
J

The corresponding primal constraints are then of the form ¥* . 0 = 0. This
implies that any value for the Lagrange multipliers can be chosen so that the KKT
conditions will be satisfied for the primal problem and Agr = 0 Vi € C is one
obvious choice. Thus, if for a given phase k, nf = 0 Vi € C, then set Agk =0
Vi € C; otherwise use Equation (18) to calculate the multipliers. This eliminates
the problem of obtaining unbounded values for the multipliers from the primal

problem. It is therefore seen that solving the primal problems and obtaining the
corresponding multipliers amounts to simple function evaluations.
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3.4. The Relaxed Dual Problem

The primal problem establishes upper bounds on the solution. The relaxed dual
subproblems supply lower bounds on the global solution. The details of the deriva-
tion of the Lagrangian for use in the relaxed dual is described in the following
section.

3.4.1. Derivation of the Lagrangian

The first step in deriving the Lagrangian is to separate and collect all the x variable
terms to obtain:

L( 5y5 Z Z \I’k{z g]zT]zn +A\Iﬂc Z gﬂn }

1€C kePy, jeC jeC
k kY
+2 k- ) iy (19)
kEP i€C kePy

Equation (19) is simplified by enacting the following steps:

(i) Subtract Equations (17) with Ay = /_\\I,;_c from the terms within the curly
braces of Equation (19).

(i) Use Equations (18) to modify the term to the right of the minus sign in Equation
19).

The following expression is then obtained:

z,y, A Z Z ‘I’k{z Gji [T11+)“IJ’° [" _"k]}

1€C kePy jec

+ Z le%-i- Z Z nf{z gz]n]\if} . 20

keP i€C kEP;, jeC

Note that if n¥ = ¥ Vi € C, k € Py, then the Lagrangian equals the objective
function value supplied by the primal at ﬁf By evaluating the gradients of the
Lagrangian given by Equation (20) with respect to the x variables, the following
equations are obtained:

gzk(y) = v\[}f L( aya Z g]z [TJ'L + A\If"] [ ;c]
jeC
VieC, ke Pp. (21)

These are the qualifying constraints written in terms of the & variables and describe
the fundamental nature of the interaction of the two variable subsets. Notice that
each z variable multiplies a summation of y variables, so that these constraints
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form hyperplanes that partition the y variable space. The next important step in the
development is to obtain a much simpler set of partitioning hyperplanes. This is
achieved by simple augmenting the set of & variables, so that each one of these new
z variables will interact with a single y variable, rather than a summation of them.
This augmented set of variables, denoted { \ilf] }, is defined for each {i, k} € C'x Py,
as follows:

¥ =0k VvjecC. (22)

The z variables are now allowed to appear within the innermost summation of
Equation (20) to yield an equivalent Lagrangian as follows:

Liz,g, ) =Y > {3 ¥ (Gii{mi+ )] - [nf - af]}

i€C keP jeC

+Y ch+Y 3 nf{Y GymiTl}. (23)
kep 1€C kePL JjecC
Equation (23) now supplies the new form of the qualifying constraints, labeled

g;g. (y), obtained from the modified Lagrangian of Equation (23) as:

gzlcj(y) q;k L(z,y, ) Gji [ +/\'1/’=] [n - ";c]

VieC, jeC, ke Py,. 24)

Thus, each qualifying constraint is now a function of a single y variable, with
the important result that the hyperplanes are now orthogonal to each other, and
partition the y variable space into n-rectangles (i.e. simple boxes). The number of
connected variables is given as:

Nev =|C| - |Pg] (25)

where the braces signify the cardinalities of the appropriate sets.

In Equation (24), each qualifying constraint shares the same basic form, defined
as (n;C - ﬁf ). The only difference is the expression that premultiplies this term.
These are constants that depend on the parameters of the NRTL model and informa-
tion from the primal in the form of the Lagrange multipliers. Equation (7) delineates
the feasible region as an n-rectangle. The initial parent region is described by this
n-rectangle, and its bounds are represented by R {L*,UR}, where L7 = {£F}

andu® = {uf } comprise the regional bounds for the variables {n*}. Upon choos-

ing an initial p01nt {7k}, this parent n-rectangle is partitioned by N orthogonal
hyperplanes passing through {7}, so that 2¥¢v new n- rectangles are created.
Within each of these new n-rectangles, the sign of (n - 7, ) will be constant
Vi € C, k € Pr,. The bounds for each of these n-rectangles are described as the
box bounds, denoted B {£B, 1P}, with £B = {EB } and £B = {U5} repre-

senting the individual box bounds for the variables {n’C }. The set of all possible
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; B
X ! S, ={+L+1}

By
/ Si ={+1,-1}

n, ng
By
Si ={-1,-1}

Fig. 1. Example for two connected variables.

combinations of box bounds is denoted by CB, with its 2Y¢v members individ-
ually referred to as B;. The parameter sgc’ is used to delineate each of these box
regions and is defined over C x P X CB. It determines the partition of the y
variable space for any given B; as follows:

If sB' = +1 then n® — 7k > o}

VieC, kePy.
Ifsgc’ =-1 thennf-aF<o0
Figure 1 shows how sin‘ is used to create these regional and box bounds at the first
iteration for the case of 2 connected variables, with C' = {i,i2} and P, = {k:1}.
The initial point generates 4 subdomains denoted B; through Bjy.

This implies that it is possible to construct Lagrangians that validly underesti-
mate the global solution in each of these n-rectangles, within which an individual
relaxed dual subproblem is solved. If the solution is greater than the current best
upper bound obtained from the primal problem, it may be fathomed (i.e. discarded);
otherwise, it is added to the set of candidate lower bounds. The infimum of all such
solutions supplies the point for the next iteration, where the n-rectangle associated
with this node will be partitioned into 2¥¢v n-rectangles to supply additional lower
bounds on the final solution. In the context of Figure 1, suppose the infimum of the
4 lower bounds lies in B;. At the next iteration, B, is divided into 4 regions, and
SO on.
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A convenient way of describing this partitioning of the y variable space in the
branch and bound approach is through the use of a tree structure. The starting point
is represented by the root node, labeled R, and it generates 2”0V nodes at the
first level of the tree. One of these leaf nodes becomes the next iteration node, in
turn generating a further 2oV additional nodes, and so on. Note that at any given
iteration, all generated solution nodes share the same parent node, so that each n-
rectangle is a refinement of its parent n-rectangle implying that the regional bounds
for a given node are supplied by the box bounds of its parent node. This has the
important implication that any given Lagrange function will be valid in any future
n-rectangles that it spawns. In addition, retrieval of previous Lagrange functions
for use in the current relaxed dual subproblem is easily achieved by employing a
backward depth-first traversal through the solution tree from the current node to the
root node, extracting the relevant information required to construct the Lagrange
function at each node along the path. This set of previous iterations to be included
in the subproblems of some iteration K is denoted PL(K p). Because a Lagrangian
is not included for all previous iterations, but only for those whose nodes define the
current node as a subdomain in the y variable space, each relaxed dual subproblem
contains relatively few Lagrangians from previous iterations. Thus, each relaxed
dual subproblem can be both generated and solved efficiently. The manner in which
the « variable bounds are obtained and set on the basis of the qualifying constraints
will now be described.

3.4.2. Bounds for the x variables

For any given n-rectangle defined by B {£B 1P}, it is necessary to establish
upper and lower bounds on the z variables within this box. Recall that {¥*} are
defined as linear fractionals. Any linear fractional is a pseudolinear function, that
is, it is pseudoconvex and pseudoconcave. Thus, there is one local minimum and
one local maximum that satisfy the KKT optimality conditions, and these will be
unique global extrema. By examining the KKT conditions for the problem:

min ¥F st L5 <nf <uB vje C} VieC, Vke Pp (26)
J

J

the global minimum value for each ¥* in B {£Z,U®} can be evaluated and is
labeled L. —¥¥ is minimized subject to the same constraints to obtain the

corresponding maximum, Uy . The globally valid lower and upper bounds for ¥¥
(and hence ‘i/i-“]-) within the n-rectangle defined by B {£Z,UP} are given as:

5, s,
Lyr = " Uy = i

i L'.f,.c + Z gjz'u,f? v Uﬁc + Z gjiﬁ%
BT T

VieC, VkeP,. (27)
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Having established the lower and upper bounds on the z variables it is neces-
sary to decide at what bounds to set the modified x variable set, {‘Il -}, for some

B; € CB. Each term involving (n] - nf) is underestimated individually. This
quantity alone does not determine the bounds at which the x variables are set. The
terms that premultiply (n - nf) must also be considered. Once the combined sign
of the two terms has been estabhshed, the sign of the qualifying constraints as given
by Equations (24) is known so that the & variables can be set at their appropriate
bounds for the current and previous iterations as follows:

For each {i, j, k} € C x C x P, perform the following steps:

1. Current Iteration K:
If Gji[mj: + ’_\{Il{f] fé >0 then (5)K = Ly
It Gji [ryi + M) sit <0 then (&5)K =Ugs .
2. Previous Iterations Kp € PL(Kp):
If Gji [ryi + ] [(AF)FP — (F)¥] 20 then (25,)%7 = Ly

If Gji [y + ,\KP] [(AF)KP — (aF)K] <0 then (8f)KP =Ugs .

For any given relaxed dual subproblem, these sets of bounds are denoted by &8

K
for the current iteration, and &2 " for previous iterations.
3.5. Global Optimization Algorithm for the NRTL Model

In what follows, kg represents any node of the solution tree, with k. and k; corre-
sponding to temporary nodes used in the selection of the set of previous Lagrange
functions. I, is the iteration number, K, at which node ks is generated, with K¢
denoting the current iteration number, and K p representing some previous itera-
tion. S represents the current node under consideration at any given iteration and
is obviously a leaf node. The parent of any of these nodes is simply indicated by
p(k). The combination of variable bounds for the z variables for any given node is
denoted as 25 . The complete algorithm for the NRTL equilibrium model is now
given.

STEP O: Initialization
Select an initial mol vector fi’ and convergence tolerance €.
Initialize R, {LE, U}, PU = +00, ML = —00, 8. = R, ks = 0, I;;; = 0.
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STEP 1: Primal Problem _
Evaluate (P) to give P(ii%). Store AX, a¥. A
Solve (NCF) to give G* and update PV = min[PY, P(d¥), G*].

STEP 2: Select previous Lagrangians
Set PL(Kp) =0, ky = S..

(1) Set Kp = I,. Extract \KP, 5¥P. Set PL(Kp) = PL(Kp) U Kp and
kC = kt.

(2) Setk; = p(kc). If k; = R, proceed to STEP 3; otherwise, return to (1).

STEP 3: The Relaxed Dual Phase
(1) Choose a combination of box bounds, B; from the set CB.
Evaluate B, {£P,UP} and {Lyr, Uy }.

K
Set 451 and 281 * and solve (RD) to give u% and n*.
min pip

yEY
LB

~BK _ S
LK(:BBI anK:y, AK)

v

s.t. HB >
_ (RD)

Liq (3% ", 0%r,y,XKP)  VKp € PL(Kp)

n¥ <UB, VieC, ke P,

A-n-b

v

UB
B
£5,

0

(A

i

where L (281", 5K, y, XX) is given by Equation (23).

(i) If u} > PU — ¢, then fathom solution.
(i) Ifpy < PYU—e thensetks = kg +1,p(ks) = Sc, Ity = K, u*s = u%,
nks = n*, Ry, {CB,UR} = B{cP ,UF}.

(2) Choose another set of box bounds B; from C'B and return to (1).
If there are no remaining unchosen B; in C' B, then proceed to STEP 4.

STEP 4: Select Mol Vector for Next Iteration
Select infimum of all uf—f , and set S. = kg, the associated node.
Set af+! = n¥s, ML = pu5r and Rycyq {LF,UR} = Ry, {LF,URY.

STEP 5: Check for Convergence

PU _ ML
Check if |T} < e If true, then STOP; otherwise set K = K + 1, and
return to Step 1.
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It has been shown how all the conditions required to guarantee e-global conver-
gence of the GOP algorithm (Floudas and Visweswaran [8, 9]) are satisfied.

The main computational effort lies in solving the relaxed dual subproblems.
There is a very simple way to reduce the number of connected variables. The
material balance constraints appear affinely in the relaxed dual formulation. The
material balance matrix represented by A has rank r so that » mol number variables
can be written in terms of the others. In other words r connected variables are
eliminated. Thus, the number of connected variables is now given as:

Ney =|C| - |P|-r. (28)

For the phase equilibrium problem r = |C|. The derivation of the relaxed dual is
exactly the same except that now the material balance constraints are not required
to maintain feasibility.

Another computational aid is the fact that at a given stage of the algorithm, if
the current point matches a previous point for some (or all) ¢ € C, k € Py, then
there is no need for a partitioning hyperplane in that dimension. This reduces the
number of relaxed dual subproblems to be solved at that iteration. A significant
number of relaxed dual subproblems are typically eliminated in this way. Note that
(NCF) can also be solved locally at each iteration (as well as evaluating the primal)
to give a valid upper bound on the global solution.

3.6. Examples

Two examples are presented which demonstrate the GOP algorithm as it applies
to the NRTL equation. Both these problems have two postulated liquid phases, so
that the Gibbs free energy of formation terms can be eliminated. The function to
be minimized is then given as G; = [G — ¥; GF*/n¥]/RT, where G is defined
by Equation (1).

All the examples have a degenerate set of trivial solutions where the component
mol fractions in each of the liquid phases are the same. If one of these points is
used to initiate the search for a local solver, then it will be unable to move from
the trivial solution, a major problem for local optimization algorithms. The results
show that the GOP successfully obtains the global solution even when supplied
with such a trivial solution initial point.

It is possible to incorporate a simple local search technique into the framework of
the global optimization algorithm. At the beginning of every iteration, MINOSS.3
is used to solve (NCF) as a nonconvex nonlinear programming problem, using the
current mol numbers {AF} as a starting point. If the resulting solution supplies a
Gibbs free energy level less than the current best upper bound, then PY is updated
to equal this new solution. This is done because typically a point close to the global
solution is generated at a relatively early stage of the algorithm, but this solution
is not refined until a later point in the solution procedure. The advantage of such a
strategy is that immediate refinement of solutions (local or global) will occur with
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TABLE 1. Solutions for Example 1.

Solution for n-Butyl-Acetate (1) — Water (2)
T =298K, P=1.0atm

Feed Liquid] LiquidII G
Components  (mols)  (mols) (mols) —)
CeH120,(1) 050  0.00071  0.49929 —0.02020
H,0 (2) 0.50 0.15588 0.34412  (Global minimum)
C¢H1,0, (1) 050 0.00213  0.49787 —0.01961
H,0 (2) 0.50 0.46547 0.03453 (Local minimum)
Ce¢H, 0, (1) 0.50 0.00173  0.49827 —0.01730
H,0 () 0.50 0.37544  0.12456 (Local maximum)

the attractive benefit of improved upper bounds at an earlier stage of the algorithm,
and a greater fathoming rate. In summary, the local search is an efficient way in
which to generate valid and improved upper bounds, independently of the global
optimization algorithm.

3.6.1. Example 1: n-Butyl-Acetate — Water

The application of the GOP to a simple two component, two phase example is
now considered. This illustrative example is taken from the thesis of Lin [13] and
features two components, n-butyl-acetate (1) and water (2), at a temperature of
298K and a pressure of 1 atm. There are two possible liquid phases and they are
modeled using the NRTL equation. Both phases share the same standard state,
so that G supplies the function to be minimized. The binary parameters were
obtained from Heidemann and Mandhane [10]:

12 = 3.00498 , 7 = 4.69071
G12 = 030794, Gz = 0.15904 .

The initial mixture charge is equimolar (an = (0.5 Vi) and no reaction occurs
in the system. It appears to be a simple example but there are multiple stationary
points and local solutions. In fact, there is a local minimum and a local maximum, in
addition to the global solution. There is also a line of trivial solutions that represents
physical one phase behavior, but mathematically yields two phase solutions, that is,
the mol fractions are the same in each distinct phase. These solutions are given in
Table I where the superscript I represents the first liquid phase. The mol numbers for
the second liquid phase are obtained as n}! = n7 Vi. The Gibbs free energy surface
as a function of the mol numbers in liquid phase I is pictured in Figure 2, with the
trivial solutions lying along the line defined by n{ - né = 0. Lin [13] employed a
successive continuation method to solve the problem and trace all possible solution
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n2)

Fig.2. Gibbs energy surface for Example 1.

branches. In this manner, all the local and global extrema were obtained. A local
solver will have difficulty obtaining the global solution unless the starting point
lies close to it, and the trivial solution or one of the local optima may be found. To
illustrate this point, when (NCF) was solved using MINSOS5.3 from 100 randomly
selected starting points, the global solution was found in only 13 cases. The strong
local minimum solution was found in 5 cases, and the trivial solution was obtained
in the remaining 82 cases. The explicit mathematical formulation is given as:

min G; = nllnn! +nlinnl - [n} +nl]n[nl +nl]

n?Inn? + n3Inn3 — [n? + n3]In [n? + n3]

+ +

G121}l + G mund ¥l + Giompn2 V2 4 Gy 7 202
st.  UH{nl+Guni}=nl

T3 {Gunj +n3} =n

U7 {n + G2in3} = nf

3 {Gind +n3} =n3

n} +n? =05

n} +n3 =0.5

0 < n},ni,n3,n3 <05.
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By using the mass balance equality constraints to eliminate the variables of
the second liquid phase, the number of connected variables can be reduced to
Ncy = 2. Thus, a maximum of four relaxed dual problems must be solved at each
iteration. Any variables associated with the eliminated phase are designated with a
superscript E. The z-variable set for the eliminated phase is then defined as:

TN Guln] — i)

leC

Vi,jeC

where {n;} are the variables of the non-eliminated phase and the formulation,
noting that the superscript I has been dropped. The explicit Lagrangian was derived
as Equation (23) and yields the following expression:

L(ng, 7y, By, 02, X, ) =

i
={njlnn; +nyInny — (n1 + n2) In(n; + ny)

+ (nf —n1)In(nf — 1) + (n —ng)In(n] — na)
—(nf = ny+nf —n)In(nf —ni +n —ny)

— 1A — mpdg — (nf —n)Af — (n] — np) A7’}

+ & [n1 = An] + $12G21 [221 + Ai] [n2 — 7o)

+ 821912 [r12 + Xo] [n1 — ] + $22 2 [n2 — 79

~ $EXE [n1 — ] — $EGo1 [ra1 + XF] [n2 — 7]

— \1151912 [7'12 + S\g] [n1 - 'ﬁ]] - ‘i’ZEZS\g [n2 — 'ﬁz] .

Notice that the term within curly braces is convex and that the interaction between
the = and the y variable sets is purely bilinear. The derivatives of the Lagrangian
with respect to the x variables yield linear functionalities in the y variables allowing
the y space to be partitioned in a simple manner. The Lagrangian generated in
Region 1 of Iteration 1 is shown in Figure 3, where 0.25 < n; < 0.5 Vi.

A local solver will not converge to the global solution from the initial point
considered above. The progress of the upper and lower bounds is charted in Table
II. The average time to solve each relaxed dual is approximately 0.003 cpu sec.
The total cpu time required was 1.11 sec. It should be noted that for 33% of the
total iterations, only 2 relaxed dual problems were solved, demonstrating the fact
that the maximum number of problems need not be solved at every iteration of
the algorithm. In addition, 66% of the solutions obtained from the relaxed dual
problems were fathomed.
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REGION 1

0.5

Fig. 3. Gibbs surface and Lagrangian for Region 1 of Iteration 1 of Example 1.

TABLE 1II. Progress of bounds for

Example 1.
Iteration ME P(n®)
1 —0.42615 —0.01758
2 —0.23027 -0.01758
3 —0.22209 0.00507
4 -0.10955 —0.01754
48 —0.02408 —0.01980
74 —0.02166 —-0.01988
87 —0.02059 —0.02002
91 —0.02042 -0.02018
106 —0.02021 —0.02020

3.6.2. Example 2: n-Propanol — n-Butanol — Water

This sytem was one of two studied by Block and Hegner [4] in their modeling of
three phase distillation towers. n-Butanol and water form the only partially miscible
binary pair (i.e. it is a Type I system) with a relatively small domain of immiscibility.
The binary parameters as obtained by them for use in the NRTL equation are
supplied in Table III. G; supplies the objective function to be minimized, and
N¢ev = 3. Block and Hegner [4] conducted the liquid phase splitting computations
independently of the vapor phase, i.e., the parameters have no dependence on
temperature. It is therefore meaningless to consider a vapor phase for this example.
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TABLE III. Binary data for Example 2.

n-Propanol (1) — n-Butanol (2) — Water (3): 7;; and «;; dimensionless

Components 75 i J Tij Tji Qi = Qi
CiHyO — C4Hi O 1 2 —-0.61259 0.71640 0.30
C3HyO — H,O 1 3 -0.07149 27425 0.30
C4H\ 0O — H;0 2 3 0.90047 3.51307 0.48

Walraven and Rompay [23] subsequently used this problem in order to test their
phase splitting algorithm for a number of different feed charges. The explicit
formulation is given below:

min G; = nllnn! +n}lnnl +nlnnl - [nd 4+ nd + nl)in[n! + nl + nl]
+ n?lnn? + ninn? + nilnn3 — [n? 4+ n3 + n3]In[n? + n? + n3]
+ n} G2} + (G133 W] + nd (G171 U + GazT3 U]
+ nl (G131 P} + G Tl)
+ n?[G12m1293 + Gi3113Y3] + 03 [Ga1m21 V2 + Ga3 a3 U]
+ 1} (3173197 + G332 V3]
s.t.
Tl {n} + Gainl + Gainl} = n}
U2 {n? + Go1n2 + G3n3} = n?
T {Gion] + nl + Gpni} =nl
T3 {G1pn? + n3 + Gn3} = n}
U1 {Gi3n] + Gasnl + nl} =n}

U3 {G13n} + G23n} + nj} = n3

nl+n?=nf 0<nln?<nf
1 2 _ T 1,2 T
1 2 _ T 1

n3 +nj =nj 0<nlni<ni

Two source feeds from the work of Walraven and Rompary [23] were examined,
and these charges are given in Table IV. The first of these lies well within the
immiscibility region — {n7} = {0.04,0.16,0.80} — and therefore causes little
problem for alocal solver. However,the second considered source charge of {n! } =
{0.148,0.052, 0.800} lies close to the plait point, an area in which it is notoriously
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TABLE 1V. Global solutions for Example 2.

Solutions for n-Propanol (1) — n-Butanol (2) — Water (3) at T, P = 1 atm

Feed Liquidl LiquidII G; cou  Nr Np
Component  (mols)  (mols) (mols) (—) (sec) (—) (%)

CsHgO (1)  0.040  0.0049 0.0351 —1.24112 535 268 65
CiHyO (2) 0.160  0.0095 0.1505
H,O(3) 0.800 04153 0.3847

C3;HgO (1) 0.148  0.1280 0.0200 -1.1919716 1679 903 26
CsH 0O (2) 0.052  0.0456 0.0064
H0 (3) 0.800  0.6549 0.1451

difficult to obtain the correct equilibrium solution. The trivial solution objective
function value is —1.1919705, while the two phase global solution has an objective
function value of —1.1919716, a difference of only 11 - 10~7! Solving (NCF)
using a local solver succeeded in obtaining the global solution from only 8 out of
100 random starting points. Nonetheless, the GOP algorithm generated the global
solution for this very difficult problem when supplied with a trivial solution starting
point. This clearly demonstrates the effectiveness of the algorithm in generating
global solutions for extremely challenging problems. The equilibrium solutions for
the two sets of conditions considered here are given in Table IV. The difficulty
of the problem when the source charge is close to the plait point is evident in the
increased computational effort required to obtain the equilibrium solution for this
case.

4. Analysis for the UNIQUAC Equation

A commonly used activity coefficient correlation is the UNIQUAC equation orig-
inally proposed by Abrams and Prausnitz [1], where the excess Gibbs energy is
postulated to be composed of two contributions: a combinatorial part due to the
differences in the sizes and shapes of the molecules, and a residual portion due
to the interactions that take place between them. Thus, differences in molecular
size are taken directly into account. To obtain improved agreement for systems
containing water and alcohols, a modified version of the universal quasi-chemical
equation for the correlation of liquid-phase activity coefficients was proposed by
Anderson and Prausnitz [2, 3] and is given as:

Inv;i=l~%+mhy? VieC (29)
where

C_ f’_ L2 gl ._ﬁ [y 30

11171-—lnxi+2q,ln¢i—|—l1 wijezgjwj (30)

and
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TijG’-
Inyl=¢/ {1-In 10" — —_—l 3D
2 (‘7622' ]t .7) Jez; Z 6;7'[]
leC

where 'yic and 'yz-R are the combinatorial and residual contributions respectively to
the activity coefficient at mol fraction z;, 7;; are non-symmetric binary interaction
parameters, g;, q; and r; are pure component structural parameters, and z is a lattice
coordination number. [;, 8;, §; and ¢; are defined by the following relationships:

l; = (ri—g)—(ri—1) VieC (32)

z
2
6; = ;T

Y gz

Jjec

VieC (33)

0! q:.’l?z

Y 4o

jEC

VieC (34)

7Ty

Z W)

JjecC

b vieC (35)

where 6; and 6 are the average area fractions for the combinatorial and residual
portions of the activity coefficient expression, and ¢; is the average segment frac-
tion. Note that these ratios can be equivalently defined for mol numbers as for mol
fractions for any given phase. In the original formulation of Abrams and Prausnitz
(11 = g.

Equation (2) yields the relationship between the fugacities and the activity
coefficients. If the following series of steps are undertaken:

(i) the first logarithmic term in z; of Equation (30) is brought over to the left
hand side,

(ii) the non-logarithmic term involving ¢; of Equation (30) is expanded out,
(iii) the terms involving 8, in Equation (31) are expanded out,

then the following expression is obtaned:
> lin;
JjeC

> ring

jec

z

In YT, = (1 3

Qi)ln¢i+§%ln0i+li_7'z’
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!
2 giing

/ jec / / q;Tijnj
—gn| ——=—F +‘L"’%’Z—,_—' (36)
Z q5my jeC Z Qimin
JjeC leCc

By substituting Equation (36) into the original objective function of Equation (1),
it is possible to write the objective function for the case of multiple liquid phases
in terms of the mol numbers in the following form:

min G(n) =
Z ljn"-C
J
AGH! p 2 .
=Y Yonb i+ (1= ) gk + S b+l - -
i€C keP Z rink
jec
S dyrynt -
R =l I R D D (37
> 4 jee D amyn]
jec leC

where 6 and ¢¥ are now defined for all phases k. This is a complex expression
involving logarithmic and quadratic quotients, and is clearly nonconvex. However,
by exploiting a number of properties associated with Equation (37), it is possible
to obtain a more tractable form for the Gibbs energy. Several interesting new prop-
erties of the terms in Equation (37) are revealed.

4.1. Analysis of G(n)

In the foregoing analysis, different ways to express the Gibbs free energy function
defined by Equation (37) are presented. The final formulation will cast the mini-
mization problem as the difference of two convex functions (a D.C. programming
problems), where the convex part is nonseparable, but the concave portion of the
objective function is manipulated in such a way as to make it separable. In the
development that follows, the indices 4, j, ! and m are defined over the set of
components C'.

4.1.1. Simplification of G(n)

Two simplifying properties are now presented.

PROPERTY 4.1. The following relation is true Vk € Py
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> Lng

k Jj€C
Zni li—ri  =——5¢=90.
ieC > Ting
jeEC

Proof. Foreach k € Py

z;:ljn;-“ ;:ljnf
0 PP LS l.i_c_{ k} EACR
D B SEr B e A Do

ieC 1€C ieC
jeC jecC
— ik ok _
—-Zl,ni —Z linj=0.
i€C jE€C

This implies that the parameter /; need not appear in the Gibbs free energy expres-
sion. ad

PROPERTY 4.2. The following relation is true Vk € Py :

! k
k ’ ’ 95 TisTy _
dom GG Y, = (=0
Z QTN

ieC jec
leC
Proof. Foreach k € Py
mk
k) o 4;Tijn;
donid—d Y =
i€C jeC Z qTi;ny
leC

! k
Z S TmjiNoy,

= Ink _ tpk  dmeC_ o\ _
- Z qznz Z an_] Z q;len;c

i€C jec
leC
!k k
=3 dnt - 3 dnf =0,
eC ieC
where the term in braces is seen to equal unity. a

Employing Properties 4.1 and 4.2 in Equation (37), the objective function can now
be written as follows:

R AGHS z z
min G(n) = Pl —t 4 (1-Z¢g)n¢f+Zqgm6F
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+¢In ) gnf—gin qj-n-mf} : (38)

JjecC Jj€ecC

Some new notation will now be introduced in order to demonstrate the special
structure that Equation (38) naturally possesses. The following new parameter, ziR,
is introduced to aid in this process and is defined as:

z
(3%-)
Zﬁ=———r#—ZO VieC. 39
?
z is usually taken as 10, with g; > 0.2, and therefore 2 is always positive. Using
Equation (39) and expanding out ¢>’“ in terms of the mol numbers, one obtains

k z k
S nf(1-Zg)ngt=-3 2frinfin 5 ke Pp.
i€C ( 2 ) i€C Z Tin;
j€C
It is now convenient to make the following definitions:
Z 2 rm In ——— Vk € Py, (40)
ieC Z TJ k
jec
Z ginf In —=—— Vk € Py (41)
1€C Z qJn
jeCc
= [Z dn ] In [Z ] Vk € Py (42)
i€C ieC
= — Z gn¥ In Z q;-ijf Vk € Py, . (43)
1€C jec

Note that 8% has been expanded out in terms of the mol numbers Vk € Py, in the
definition of B*. These definitions allow the objective function of Equation (38) to
be equivalently written as follows:

N AGk,f
min Gn) =3 > nf -+ > {-A*+B +C + D} (49
1€C kePL ke Py,

This objective function still yields a nonconvex optimization formulation but it is
simpler than the objective function customarily employed.
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4.1.2. D.C. Transformation

It will now be shown how the objective function of Equation (44) is converted into
D.C. form. Firstly, the following property is required.

PROPERTY 4.3. Let p; be a positive parameter defined Vi. Define the real-valued
function f(m) withn > 0 as follows:

= {zz: Pmi} In {zz: Pim}

then f(n) is convex.
Proof. See Appendix C. m]

REMARK. A number of observations can be made on the basis of Properties
3.2 and 4.3 in relation to the terms of Equation (44), and are listed as follows:

(i) the term A as defined by Equation (40) is convex Yk € Py, (apply Property
3.2). This also implies that —.A* is concave,

(i) the term B* as defined by Equation (41) is convex Yk € Py, (apply Property
3.2),

(iii) the term C* as defined by Equation (42) is convex Yk € P, (apply Property
4.3).

PROPERTY 4.4. Define D% and D* Vk € Py, as follows:

Ic
Dk = nfln —————
+ Z n Z‘f’r]’tn

k _ 1k k
—Z%‘”ilﬂ”i
i

then D_’fr and DF are convex Vk € Py. Further, D* as defined by Equation (43)
can be equivalently expressed as the difference of these two convex functions:

D*=Dt -D* Vkep,. (45)
Proof. See Appendix D. O

Thus, it has been demonstrated how the majority of terms in Equation (44) are by
themselves convex or concave. In one instance, it was necessary to transform a
nonconvex term (D*) into the summation of a convex and a concave term. It is
now possible to write the objective function as follows:
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AG
mmG ={ZZ k T

€C keP kepP

+C*+ Dk}

— {3 {A*+DF}}. (46)

kcpP

The key feature to notice is that each term within braces is convex. The concave
term —D* is separable. However, the concave term —.A* is nonseparable. Because
it is easier to construct the convex envelope of a separable concave function than a
nonseparable one, the following definitions are required so that the term —.A* can
be written in a radically different form:

28 = min {2f'} )
= ZﬁJr%;[zz‘R —anl L @7)
22 =Z[zf—zf,,] VieC

il J

On the basis of these definitions the following property is derived:

PROPERTY 4.5. If A% and A* are defined Vk € Py, as follows:

—zA Zmn anmn +Zz ™n; Flp —2

i€C 1€C i€C Z TJ
jecC
- Z nf - zBr;Inry
i€C

AR =37 ri[2f 4+ 2P] - nfInnf
ieC

then Aﬁ_ and A* are convex functions. Further, —AF can be expressed as the
difference of these two convex functions:

~AF = AF — Ak (48)
Proof. See Appendix E. a

Property 4.5 allows the nonseparable, concave term —.A* to be replaced by the
difference of two convex functions, defined in Equation (48). The key change is
that the concave part of the new expression is now separable as shown below:

{ZZ 'FAG +Z{A’“+B’°+C’“+D+}}

i€C keP kepP
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{4 + D4} “9)
keFP
The terms A*, A%, A% BF, CF, Dk and DF have been shown to be convex. Thus,
the terms contained within the braces of Equation (49) are convex, i.e., G(n) is
now given by the difference of two convex functions. At this point, it is convenient

to collect the convex portions of the objective function together, defined as C{}
Vk € Pr, to yield:

k.f
C{} = Z nk {-—-—Ag% —zBr;In ri}

i€C
424 N r + 2Brnfin ——
A
j€C
+ =< an; b n = gin; ¢ In g;n
;2 Zq]n] H{X dntn {3 dnt]
jec
+ q’nlC In ————— (30
JEC
Furthermore, if the parameter ¢; is defined as follows:
pi=g +r[zB+2P] viecC (51)
then (DC) is defined as:
min G(n) = > C('}—Z > emfnnf ]
kePy 1€C kePL

s.t. 0=A-n-b $ (DO

0<n < n? )
where CU is defined by Equation (50). The objective function consists of a convex,
nonseparable portion, and a separable, concave portion, with a convex constraint
set. The expression for G( n) in (DC) is very different from the original Gibbs
energy function defined by Equation (37). The analysis of the original function has
revealed interesting properties in terms of the algebra and in terms of its convexity
properties. It has been shown that this equation can be expressed as the sum of
convex and concave parts. The specially induced structure will be used to full
advantage in solving (DC).
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4.2. Branch and Bound Algorithm

It is worthwhile to point out the salient features of the formulation for the phase
and chemical equilibrium problem, as given by (DC):

(i) the objective function is D.C. with a separable concave portion,
(ii) the feasible region is an n-rectangle,

(iii) the constraint set is closed and convex (a set of linear equality constraints).

One of the first algorithms proposed to solve problems of the above nature was
that of Falk and Soland [6]. It is a branch and bound type algorithm, where a
branching scheme successively refines the feasible region into smaller and smaller
n-rectangles, in each of which a convex subproblem is solved that supplies a lower
bound on the global solution of (DC). In this manner, a sequence of nondecreasing
lower bounds is generated that converges under certain conditions to the global
solution. The algorithm used to solve (DC) in this work is based on the original
paper of Falk and Soland [6]. The approach of this algorithm and several others has
been generalized and discussed in the book of Horst and Tuy [11]. The algorithm
shares many similarities with that used for the NRTL equation, except for slight
variations in the partitioning scheme, and significant differences in the structure
of the subproblems used to provide lower bounds for the global solution. Thus, in
what follows, the notation used will in as far as possible be the same as that of
Section 3.

4.2.1. Convex envelope of G(n)

In order to obtain valid lower bounds, the approach is to derive convex underes-
timators for the concave portion of the objective function in successive partitions
of the feasible region. Suppose that at a given stage in the algorithm, the partition
currently under consideration is an n-rectangle defined as follows:

L5 <nF<U5 VieC, keP. (52)

The manner in which the partition defined by these box bounds is obtained is
described in the next section. A lower bound is required for the objective function
defined in (DC). The simplest such bound can be obtained by constructing the
convex envelope of G/(n). The concave portion of the objective function is replaced
by its convex envelope, which for a separable concave function is simply the affine
function that joins the two endpoints of the region under consideration. This is
shown for the one variable case in Figure 4 where the concave function —n Inn
and its convex envelope, ¥(n), are plotted between the lower and upper bounds
LB and UB. Thus, the convex envelope of each concave function, labeled ¥¥, in
the region whose bounds are given by Equation (52) is:
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Fig. 4. Concave function and its convex envelope.
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VieC, kePy. (53)

Thus, the convex envelope of the concave portion of the objective function
is then the summation of these individual affine functions. The convex envelope
of the convex portion of the objective function is obviously the function itself;
this implies that the convex envelope of (DC) is a convex function and any local
solution to the following problem will be a global one:

minuzZC(’}—l—ZZgoi\Ilf )

kepP 1€C keEP
UES
s.t. L5 <nf<uf viec, keP$ (UES)

Formulation (UES) provides a lower bound on the global solution in the region
defined by B {£B,UP}. Solving subproblems of type (UES) in successive refine-
ments of the feasible region will generate a nondecreasing subsequence of lower
bounds.

4,2.2. Partitioning Scheme

When the GOP was used to solve the phase and chemical equilibrium problem for
the NRTL equation, the initial n-rectangle defined by Equation (7) was succes-
sively subdivided into more and more n-rectangles. For the case of the UNIQUAC
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equation, the branching scheme is similar but there is one major difference. For the
UNIQUAC as few as 2 subproblems need be solved at each iteration to guarantee
convergence to the e-global solution, whereas for the NRTL, upto N¢y hyper-
planes were used to partition the current partition into as many as 2/¥¢V regions.
For consistency, the number of variables that appear in the concave portion of the
objective function is also labeled N¢y .

The same basic tree structure that was used for the NRTL equation is also
employed here. Each n-rectangle within which a subproblem of type (UES) is
solved has a node, kg, associated with it. An initial point is chosen labeled {7¥}.
This parent n-rectangle is then partitioned by a number of hyperplanes, labeled
Np, passing through the point {7i¥}. The number of these hyperplanes can vary as
follows:

1 < Np < Ney.

This means that 2V7 box regions are created at each iteration. In each of these
subrectangles Problem (UES) is solved to provide a lower bound; if this lower
bound lies below the current best upper bound, then the solution is stored as u*s
and n*s, so that each solution node kg has these quantities, as well as its box
bounds, associated with it. It is important to realize that Np is a user specified
parameter, and that it can vary from one iteration to the next. The trade-off is
tighter lower bounds for higher values of Np and less subproblems to be solved
for lower Np. If it is set at one, then only two subproblems are solved for that
iteration.

The important question of how to decide the partitioning remains. One natural
means is to measure the distance, labeled 6%, between the concave function and its
convex envelope at the value of the current point:

§F=|-ntlmal - @ VieC, keP

where 72¥ represents the solution value obtained as the solution of the current node,
Sc. Intuitively, one expects that the larger this distance, the greater the need for
further refinement. Horst and Tuy [11] prove (see Chapter VII.4) that if the current
n-rectangle is divided into two (or more) n-rectangles about the variable with
the largest value of §¥, then the branch and bound algorithm to be defined in the
next section will converge to an e-global solution of (DC). In the version of the
algorithm used here, more than two n-rectangles may be created at each iteration,
if desired. Therefore, the distances 8F are rank-ordered from highest to lowest.
The set of parameters {#F} determines if there is a partitioning hyperplane for
the corresponding variable n¥. If #* = 1 then a hyperplane is used to divide the
region for that particular variable as n¥ < ¥ and n* > 7%, This is shown in Figure
5 for the first iteration where Np = 1. Suppose that the greatest distance between
the concave function and its convex envelope occurs for the variable ny, so that
1 = 1 and H, = 0. This means that the initial feasible region is divided into two
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Fig. 5. Box regions of UNIQUAC example.

box regions, labeled B} and B}, where the superscript corresponds to the iteration
number, and two subproblems are solved. In the general case, Np hyperplanes are
used to divide the current region into 2™V? n-rectangles for the largest Np distances.
For the remaining variables, no dividing hyperplane is used so that #* = 0 and the
box bounds for these variables are simply their regional bounds, i.e. [,f,F = Efk
and U5, =UE.

Ha\;ing solved a set of subproblems of type (UES) at a given iteration, the
manner in which the value of the y variables is chosen for the next iteration is
exactly the same as the GOP algorithm for the NRTL. Having chosen the infimum
of all lower bounds, the region associated with this particular node is divided into
2P new n-rectangles to obtain successively tighter lower bounds. In the context
of Figure 5, assume that the infimum of the lower bounds occurs in box region 1
of Iteration 1. At Iteration 2 with Np = 1 again, suppose that the distance is now
greatest for ny, so that Hy = 1, but H; = 0. This implies that at Iteration 2, the
region is divided into two box regions, B? and B2 (see Figure 5), wherein (UES)
is solved to obtain two new lower bounds on the global solution. Thus, 2P pew
nodes are generated in the solution tree at a given iteration. Experience has shown
that convergence properties are not significantly altered by tinkering with Np. It is
worthwhile to set Vp higher in earlier iterations to get tighter bounds, and reduce
it as the algorithm proceeds to avoid adding excessive numbers of nodes to the
solution tree.
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4.2.3. Branch and Bound Algorithm

The algorithm shares many similarities with that used for the NRTL equation, and
the notation is therefore the same as that used in Section 3. The main difference
lies in how it obtains lower bounds on the global solution. In this case, only one
underestimating function is included when generating lower bounds for (DC). The
complete branch and bound algorithm for the phase and chemical equilibrium prob-
lem when the liquid phase is modeled using the UNIQUAC equilibrium model is
now given.

STEP 0: Initialization

Select an initial mol vector i’ and convergence tolerance ¢.

Initialize R, {CF,UR}, PU = 400, ML = —0, 8. = R, ks = 0, {H}} = 0,
Np =0.

STEP 1: Primal Problem R R
Solve (DC) locally to give G* and update PV = min [PV, G*].

STEP 2: Convex Underestimation Phase
(1) Choose a combination of box bounds, B; from the set CB (|CB| = 27?),
Use s2!, HF and Ry {£F,URY 1o set Bg {£B,UB).
Construct ¥¥ based on Bx {£?,UP} and solve (UES) to yield p* and n*.
(i) If u* > PU — ¢, then fathom solution.
Gi) If p* < PU _ ¢, then ks = kg + l,p(ks) = 8., /J,ks = u*, nks = n*,
Ry, {CB,UR} = Bk {£B,uP}.

(2) Choose another set of bounds B; from C B and return to (1).
If there are no remaining unchosen B; in C' B, then proceed to Step 3.

STEP 3: Select Mol Vector for Next Iteration

Select infimum of all p%s , and set S; = kg, the associated node.

Set af+1 = nbs, ML = p3e and Ry {CF,UR} = Ry {LR, U~}
Choose 1 < Np < Ney.Set D ={i,k} = C x P, {#;7} =0.

for m = 1,..., Np

{i*, k*} = argmax | - 7¥ In 7% — T (AF)|
D

HE =1
D = D\{i*,k*}

end
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STEP 4: Check for Convergence

pU _ ML
Check if ’T‘ < e If true, then STOP; otherwise set K = K + 1, and
return to Step 1.

Convergence to an e-global solution of (DC) by the above algorithm has been
proven by Horst and Tuy [11].

Note that it is also possible to use the GOP algorithm for the case of the UNI-
QUAC equation. New variables, labeled ¥¥, would be introduced so that ¥¥ = n¥
Vi € C, k € Pr. The nonconvex terms of the objective function then take the form
—n¥ In U¥, This transformation will clearly satisfy Conditions (A) of the GOP. If
the y variables (i.e. nf) are held fixed, then a convex objective function results. If
the z variables (i.e. \Ilf) are kept constant, then a convex objective function is also
obtained. However, because the linear convex envelope derived in Section 4.3.1
represents the tightest possible convex underestimator of the objective function,
it is clear that the bounds generated by the GOP algorithm will not be as tight as
those generated in the branch and bound algorithm just described.

4.3. Example 3: Toluene (1) — Water (2)

This example was studied by Lantagne et al. [12]. They used the modified version
of the UNIQUAC equation for systems containing alcohols or water as proposed
by Anderson and Prausnitz [3]. It is assumed that there is an equimolar charge of
toluene and water (n] = nJ = 0.5). There are two postulated liquid phases, so that
P;, = {ki, k,}; these phases share the same standard state so that the Gibbs free
energy of formation terms can be eliminated as for Example 1. The pure component
structural parameters and the binary interaction data were obtained from Prausnitz
et al. [18] and these are given as:

=297 ¢,=297 r=392 ;=183
=140 ¢ =100 r,=092 I=-232.

The parameters {; are supplied even though they are not used in the formulation.
The interaction parameters are given as:

112 = 0.09867, 11 = 0.59673 .

The parameters introduced to convert the original formulation into a D.C. program-
ming problem are then defined as:

51 -1 S¢p — 1
ziﬁg____ q1 z{‘= q2

r1 2
=3.53316 =6.52174
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2§ = min {2f, 2}

— R
=2z

= 3.53316

A=+ (o - o) + (5 - 2y

— R
=2

)

= 6.52174

B

R B R R

— R —
ZI—ZZ_ZM ZZ*ZI—ZM

= 2.98858 =0

o1 =g, 471 - (2F +2B) = 2853522

©2 =q'2+r2-(z§'+223)=7.0.

This allows the explicit formulation to be written as follows:

minG[ =

+

—nfzf?'rl Inr; — nngrz Inr,
1
24 [rinl + rond)In [rin} + rond] + 28rinl In o
1 pAL) 1 27 lllrn1+r2n1
1 2
2
A 2 2 2 2 B, .2 nq
2% [rind + ran3| In [ring + rand] + 2P rng In i
1 2
l 1
z 1 z N
—-qln{l —q————+— nlln—-;l—l—1
2 q n1 + q2n2 2 qinj + @n,
2
z 1n 27
2 q1n1 + @n; 2 qny + @nj
1
n
1

/o1 /.1 !l !l |

dini + ¢nylIn [¢in] + Gny) + gy In ————

[1 1 2 2] 11 2 2] 1“1 qlln%_i_TZlqén%
1

| ny

¢nyln ———=———

22 m2g|n} + gjn}

[/2/2] [/2 qIZ]qIZ n%

gn? + ¢yn?In [¢\n? + ¢n3] + ¢n3ln ——1——

17 T B7Yy 1™ ™ 1 1™ qlln%+721q5n%

2

n;

¢niln ——*——

22T magnt + g3

¢1[nd Inni + n? Inn?] — ¢z [n) Inn] + nd Inn?
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S.t.
n% +n7 =05
n% + n% =0.5

0< n%,n%,n%,n% <05.

The last line of the objective function contains the nonconvex portion (which
is separable and concave). The equality constraints can be used to eliminate the
variables of the second liquid phase in the same manner as was done in Examples
1 and 2. This reduces the number of connected variables to Ny = 2. If a trivial
solution starting point is used, the algorithm converges in 330 iterations to the
global solution which is given in Table V. If such a starting point is supplied to
a local solver, it will fail to converge to the global solution. The total time taken
to solve the problem was 4.06 cpu sec and 64% of the solutions were fathomed.
Because the size of the problem is small, 22 = 4 subproblems were solved at each
iteration (i.e. Np = Ney for all iterations), even though it is necessary to solve
only two at each iteration.

TABLE V. Solutions for Example 3.

* I I
G ] (%)

Global Minimum —0.01976 0.00043 0.47724
Local Minimum 0.30919 0.25 0.25

The algorithm has been used to solve several other examples with more com-
ponents and phases. The number of variables stays relatively small so that the
tested problems stay of manageable size. This is because the effort of obtaining the
interaction coefficients, 7;;, becomes prohibitive for more than four components.

5. Conclusions

Ithas been demonstrated how the Gibbs free energy function can be radically altered
when the liquid phase is modeled using the NRTL or UNIQUAC equations (and an
ideal vapor phase). Numerous simplifications and properties of the equations have
been revealed that allow the structures of the problems to be fully exploited. The
GOP algorithm was used to obtain an e-global solution for the NRTL equation,
where a biconvex function is minimized over a set of bilinear equality constraints.
A branch and bound algorithm, based on that of Falk and Soland [6] was used
to likewise guarantee obtaining an e-global solution for the UNIQUAC equation.
Examples were presented which demonstrate the effectiveness of the algorithms
in obtaining global solutions of a number of difficult phase equilibrium problems,
for which no previous approaches could make the same guarantees.
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TABLE VI. Progress of bounds for Example
3.

Iteration Lower bound Upper bound

1 —3.77305 0.30923
2 —3.65550 0.18812
3 —1.28319 0.18812
4 —1.13669 0.05711
12 —0.40768 0.00389
22 —0.15547 —0.00787
36 —0.06343 —0.00760
42 —0.04459 —0.00657
49 —0.03744 —0.00547
52 —0.03553 —0.01968
122 —0.02088 —0.01975
198 -0.02001 —0.01976
330 —0.01978 —0.01976
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Appendix A

In what follows the mol number phase superscripts are dropped for clarity of
presentation. It is required to prove that the following relation is true:

Z 7jiGjinj ) > miGum
imj

iec i i@ g Y Gy

JEC leC leC

(A1)

The basis of the proof is to extract the common term }; Gjin; from the denomina-
tor of Equation (A.1). Rewriting the term to the left of the minus sign of Equation
(A.1) yields:

Z T;iGjin; |
21-: n Z Q'jinj 21: Z Q'jmj n XJ: TjiY5iT; ( )
j j
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The first term in the denominator of the term to the right of the minus sign of
Equation (A.1), 3, Gi;m, is extracted and summed over the index ¢, that is, it is
changed to ., Gminm. In doing so, the indices of G;; in the numerator of the term
to the right of the minus sign of Equation (A.1) are swapped to give G;; and the
second indices in the [ summation terms change from j to ¢ as follows:

G Z T, G110
n i _
z';: Z ]Ez;' Y Gy Y Gy
I} I}

. > mGuny
— —_— Ny gz . ._l__._ =
zi: > Gminm " Z s > Guny
m l

J

l

= Z —z:—;;— Fng - Z T1:G1im (A.3)
i Jiltg
7

noting that the indices of the terms }°; G;in; and 3, Gi;n; run independently of
each other and therefore cancel. Subtracting Equation (A.3) from Equation (A.2)
yields the desired result:

3 l

1 1
E = N E Tjigjz"nj“z——_‘ni'ZTliglinlz
- T m, - T s
i - FELL] i - 7a'%s

7 l

1
— Z Z gn__ - n; {Z T;:Gjing — Z le‘glinl} =
i il
3

=0

realizing that the indices of the terms in braces run independently of each other
and are therefore equal to zero. The same result can be obtained for any phase k.0

Appendix B

It is required to establish if the following function is convex:

n_
fr=n;ln ———— foranyZ=1,...,p
> pin
.7.=17"',p
where p represents the number of variables of the problem. There are a number of
ways to prove its convexity. The chosen method here is to explicitly evaluate the
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eigenvalues for f;. For notational convenience, u = 3_; p;n; in the foregoing. A
necessary and sufficient condition for convexity requires that all the eigenvalues be
nonnegative. These are obtained by evaluating the roots of the characteristic equa-
tion of the matrix (H — AI). The approach utilizes the following two properties:

(i) The determinant of a matrix changes sign if two rows (or two columns) are
exchanged,

(i) Adding a multiple of one row to another leaves the determinant unchanged
(viz. for columns).

Step 1: Evaluation of (H — AI).
As a first step, the second order derivatives of the function f; are given as follows:

(((pmz—u)® . _
Tz rTaEe
2 el
Ff _ pT—u .
onion; | P a2 t=1, j#1
ng L - e -
Lpipju—é TEL, JET
If 7 is substituted for p;n; and n for n, then (H — AI) is given explicitly as:
(A —u)? n—u n—-u
—_— =
nu? ma P
n—u 2 A\ n n
P2 PIg=A mp PP
— n—u n n n
(H-AlI) = P37 P3p2 2 P% aT A p3p4 2
n no ,n
- — — = A
pP4ap2 U2 pPap3 U2 p4 u2

The 7’th row and column have been pivoted into the first row and column, leav-
ing the determinant unchanged because of Property (i). The set of parameters
{p2, ..., pp} are assumed to be equivalent to the set {p1, ..., pp }\pz. Thus, the above
form can be equivalently obtained for any z = 1, ..., p. a

Step 2: Transformation of (H — AI).
By Property (ii), the following operations change the structure of (H — AI) without
changing its determinant:
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fori=3,..,p
fori =1i,..,p
forj=1,..,p
Pit
a;r 5 = Q4 g [Pi—l] Qi—1,5
end
end
end

where a;; is the ¢ — j’th entry of the matrix (H — ). This yields the following
result:

(7 — u)? i—u A-u
WZur_y
nuz P2 u2 P3 u2

n—u L n n
o PzE—A P2P3 5 P2P4 g e

H- | = 0 ED Y 0
P2
0 0 s S
P3

One more operation on the second row is required:

for: =2
forj=1,..,p
I
%ij = Qij — [Pz P—
end
end

] at,j

The characteristic equation is then equivalently given by the following determinant:

(7 — u)?
nu?
n

P2

H-l| = 0

0

A

A

n—u

n—u
u2

-A

p3

p2
0

A

n—u

p3 —5—

w2
0
—A

Pa s
p3

-A

0
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This determinant is evaluated by expanding the cofactors down the first column so
that:
(i —u)?

|H — M| = [T - )\] |[An| + [pz

n

] (=) 1421] (B.1)

ni—u
where A;; is the appropriate minor obtained by deleting the i’th row and j’th
column of (H — AI). O

Step 3: Evaluation of |A;1| and |Ay|.
Because A;j; is lower triangular, it is clear that:

|[An| = (=271, (B.2)

Ay isa(p~ 1) x (p — 1) square matrix. By extracting the common term in the
first row, its determinant is given as:

P2 p3 P4
PPy Zx 0
P2
n—u P4
0 o Za-ox-
pa
i —u
= |AP~1) (B.4)

where AP~ is the (p — 1) x (p — 1) matrix of the form given in Equation (B.3). Its
determinant can be determined inductively by expanding across the top column,
noting that the minors will be upper triangular to yield:

p2 AP = (=A)P~2 . [P} + ... +p2] =
=(=AP2.T (B.5)
where

T= > 7 (B.6)
1=1,....p
AT

in the general case. This simple relation allows the determinant of the original
matrix to be easily calculated. O

Step 4: Evaluation of |H — MI|.
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The original determinant may now be obtained by substituting Equations (B.2) and
(B.4) into Equation (B.1) — noting that p, |AP~!| = T - (—A)P~2 by Equation
(B.5) —to yield:

o= o (B2 [ P el -
=t [EE 7T

The eigenvalues are calculated as |H — M| = 0:

= .32 2
X = (A —u) 2—|—n7'20
nu
/\]' =0 vy £7T.
Recall that
n=pmz, u= Z pin;, n=n; and T = Z pf.
j=l...,p ji=1l,..,p

J#
As a check, notice that A; = trace H, because 3_;; A; = 0. Thus, there is exactly

one nonnegative eigenvalue and the rest are zero. This is precisely the necessary
and sufficient condition for convexity. 3]

Appendix C

A proof of the convexity of the following function is required:

f(n)={ : pmi}ln{ > pmi}.

1=1,...,p i=1,..,p

The method used is essentially the same as that employed in Appendix B. For
notational convenience, u = )_, p;n; in the foregoing. As a first step, the second
order derivatives of the funcion f(n) are given as follows:

5 _ pipi
On;0n; u

(H — M) is constructed as for Appendix B, and the following operations will leave
this matrix unchanged:

fori=2,..,p
fori =14,..,p
forj=1,..,p

p
Q5 = Qyr 5 — [p__] i-1,5
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end
end
end

where a;; is the ¢ — j’th entry of the matrix (H — AI). This yields the following
result:

P\ P2 pips
u U u
P2y Zx o0 o
P1
H-M=| o 2, _x o
P2
o o P2x-xo
p3

This determinant is evaluated by expanding the cofactors down the first column so
that:

2
Pi P2
H- )= |2 - =1 (=X |A .
B = M= [ 5= A 1|+ [22] () 1421 (€1
where A;; is given by Equation (B.2) and Aj; is defined as:
= 2 2

with AP~! defined by Equation (B.5). This means that the determinant can be
calculated as:

[H — M| = (=A)P-! [%2 -+ [i—] (=27 o3 + . + p2] =

= (=t [T ]

but with 7 now defined as:
T= 3% ol
t=1yuue,p

The eigenvalues are calculated as |H — M\I| = 0:

M=T>o0
u

)\]’=0 Vj=2,...,p.

As a check, notice that A; = trace H, because 3, A; = 0. Thus, there is exactly
one nonnegative eigenvalue and the rest are zero. This is precisely the necessary
and sufficient condition for convexity. O
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Appendix D
Add and subtract the term 3°; ¢/n’ In n¥ to the original term D of Equation (43):

Dk = z q'nklnn Z gn ln Z q]'r]m Z q'nklnn

1eC eC Jj€C eC

= Z q;nf In ————— [Z gn? lnni-“] .
i€C Z qJT”n ieC
jec

The first term in square brackets is the term defined as Dk | while the second term
is D* . Therefore Equation (45) is seen to be valid. It remains to prove that the
terms ’Df,“_ and D* are convex. Setting and q} Tji = p; Vj, each individual 7’th term
of the nonlinear part of ’Df,“_ is seen to be convex. The sum of linear and convex
functions is itself a convex function. Hence ’Df,“_ is convex. D* is a summation of

separable terms of the form n In n, which are clearly convex terms because g, > 0
Vi, ie. D is convex. a

Appendix E
The original term A* of Equation (40) is defined as:

—AF=— Zz rzn In ——=*—

ieC Z rin

jec
= - Z 2Brnf Inrinf + Z zfrinFn Z rjn;c
ieC 1€C jecC
A term is now added and subtracted from each ¢’th term as follows:
k _ R, k Lk
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— (2F - 2f) Z rjn;? In n;“} .
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This expression can be equivalently written as follows:
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Recalling the definitions of z%, 2 and z? as given by Equations (47), the following
relation is obtained:
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The first term within curly braces corresponds to the definition of A‘j_. Its first term
is linear. The next is convex by Property 4.3, while the third term is convex by
Property 3.2. Thus the first term within curly braces is convex. The second term
within curly braces is seen to be the definition of A* . It is clearly separable and
convex. These two terms correspond to the definitions of .A’j_ and A* as given in
Property 4.5 so that:

—Ab = Ak — Ak (E.1)
where .Af_ and A* have been shown to be convex. O
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